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Abstract
The inclusion of the three-nucleon forces (3NFs) in ab initio many-body ap-
proaches is a formidable task, due to the computational load implied by the
treatment of their matrix elements. For this reason, practical applications have
mostly been limited to contributions where 3NFs enter as effective two-nucleon
interactions. In this contribution, we derive the algebraic diagrammatic con-
struction (ADC) working equations for a specific Feynman diagram of the self-
energy that contains a fully irreducible three-nucleon force. This diagram is
expected to be the most important among those previously neglected, because
it connects dominant excited intermediate state configurations.
Keywords: Self-consistent Green’s function; algebraic diagrammatic construc-
tion; three-nucleon forces; computational physics; ab initio nuclear theory
1 Introduction
The strong connection between advances in theoretical frameworks and empowering of
the computational resources has emerged as one of the pillars for the future develop-
ment of the nuclear theory [1]. Different methods, such as the no-core shell model [2],
coupled cluster [3], in-medium similarity renormalization group [4] and self-consistent
Green’s function (SCGF) formalism [5,6], have been extended in recent years by find-
ing efficient algorithms capable to handle the dimensionality of the nuclear many-body
problem. Most of these efforts involved novel developments of many-body formalism.
In the context of the SCGF theory applied to nuclei, different applications are cur-
rently explored. For instance, the extension of the SCFG to encompass the concept
of quasiparticle in the sense of the Bogoliubov formalism, that opens the possibility
to study the open shell nuclei via the solution of the Gorkov equation [7]. The de-
scription of nuclear states in the continuum, such as electromagnetic excitations and
one-nucleon elastic scattering [8]. Also the impact of three-nucleon forces (3NFs) on
the mechanism of the saturation in nuclear matter [9] and on the correlations of finite
nuclei [10, 11] has been extensively studied.
The formalism required for the inclusion of the 3NFs in the SCGF has been laid
down in Ref. [12], where the treatment of the 3NFs in terms of effective (i.e., aver-
aged) one- and two-nucleon forces (2NFs) is described, along with the corresponding
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Feynman rules for the perturbative expansion of the single-particle (s.p.) propagator.
However, the working equations for interaction-irreducible 3NFs (i.e., those diagrams
that cannot simplify into effective forces) have not been investigated to date. In this
work we derive the working equations of one such self-energy Feynman diagram that
contains a 3NF insertion not implicitly included in the effective 2NFs. Among the
diagrams featuring interaction-irreducible 3NFs, we focus here on the one which is
believed to be dominant, according to the energy required to excite the intermediate
particle-hole configurations in the diagram. The equations are cast according to the
algebraic diagrammatic construction (ADC) method, a scheme devised in quantum
chemistry and applied for the first time to the perturbative expansions of the two-
particle (polarization) propagator [13] and one-body propagator [14] of finite Fermi
systems. The ADC allows for an efficient organization of different correlation terms in
the description of the self-energy, corresponding to Feynman diagrams with different
topologies such as ladder and ring series. Within this scheme, the nuclear Dyson equa-
tion is reformulated as an energy-independent Hermitian eigenvalue problem. This
simplifies the numerical solution, without resorting to the time-consuming algorithms
that scan the entire energy spectrum in search for each pole separately. The increased
dimensionality of the eigenvalue problem can be kept under control with the help of
large-scale diagonalisation algorithms, such as Lanczos or Arnoldi.
We present a brief overview of the SCGF formalism in Section 2, covering the
expressions of the Dyson equation and the irreducible self-energy. In Section 3 we
review the ADC(n) formalism up to orders n=2 and 3, and we outline the procedure
to find the working equations for the elements for the Dyson matrix (see Eq. (19)
below). These working equations are given in Section 4.1 for n=2 and Section 4.2 for
n=3. The formalism at second order is worked out in full, while at third order we
limit ourselves to the set of diagrams that involve two-particle–one-hole (2p1h) and
two-hole–one-particle (2h1p) intermediate configurations to illustrate the approach.
In particular, we focus on the interaction-irreducible 3NF Feynman diagram that was
neglected in previous works. Finally, the conclusions are given in Section 5.
2 Basic concepts of Green’s function theory
In a microscopic approach, the description of the dynamics of the nucleus is based
on a realistic interaction among the nucleons, which in principle contains different
components, from the 2NF sector until the full N-body interaction. Here, we consider
up to 3NFs and start from the nuclear Hamiltonian
Hˆ = Tˆ + Vˆ + Wˆ , (1)
with Tˆ the kinetic energy part, Vˆ the 2NF and Wˆ the 3NF.
In order to treat the interaction perturbatively, we introduce the first approxi-
mation, based on the concept of the mean field felt by the nucleons as a effective
external potential produced by the nuclear medium itself. Accordingly, the Hamilto-
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nian is written as
Hˆ =
∑
αβ
h
(0)
αβ a
†
αaβ −
∑
αβ
Uαβ a
†
αaβ +
1
4
∑
αγ
βδ
Vαγ,βδ a
†
αa
†
γaδaβ
+
1
36
∑
αγǫ
βδη
Wαγǫ,βδη a
†
αa
†
γa
†
ǫaηaδaβ , (2)
with hˆ(0) ≡ Tˆ + Uˆ being the mean field part, while the remaining terms give the
residual interaction, which is treated in a perturbative way. The mean field part
is given by the sum of the kinetic energy T and the auxiliary potential U , defining
the dynamics of the zeroth-order propagator g(0) defined below, which is referred to
as the mean-field reference state. In Eq. (2), Vαγ,βδ and Wαγǫ,βδη are the antisym-
metrized matrix elements of the 2N and 3N forces respectively, with the Greek indices
α,β,γ,. . . that label a complete set of s.p. states defining the model space used in the
computation.
The peculiarity of the self-consistent Green’s functions approach consists in in-
cluding the solution of the dynamics of the A and A ± 1 nucleons systems from the
start and on the same footing. This information is conveyed by the one-body propa-
gator, or two-point Green’s function. The latter is defined as the matrix element of
the time-ordered product (T ) of an annihilation and creation field operators a(t) and
a†(t) with respect to the fully correlated A-body wave function |ΨA0 〉 in the ground
state, i.e.
gαβ(t− t′) = − i
~
〈ΨA0 |T
[
aα(t)a
†
β(t
′)
]
|ΨA0 〉 . (3)
The function in Eq. (3) is describing both the propagation of a particle created at
time t′ in the quantum state β and destroyed at a later time t in the quantum state
α, and the propagation of an hole moving moving to the opposite time direction for
t′ > t. This is why g(τ) also takes the name of one-body propagator.
The time-coordinate representation in Eq. (3) can be Fourier-transformed to the
energy domain in order to obtain the Lehmann representation of the Green’s function,
gαβ(ω) =
∑
n
〈ΨA0 |aα|ΨA+1n 〉〈ΨA+1n |a†β |ΨA0 〉
~ω − (EA+1n − EA0 ) + iη
+
∑
k
〈ΨA0 |a†β|ΨA−1k 〉〈ΨA−1k |aα|ΨA0 〉
~ω − (EA0 − EA−1k )− iη
,
(4)
which contains the relevant spectroscopic informations of the A- and (A± 1)-body
systems, contained in the transition amplitudes,
Xnβ ≡ 〈ΨA+1n |a†β |ΨA0 〉 (5)
and
Ykα ≡ 〈ΨA−1k |aα|ΨA0 〉 , (6)
which are the overlap integrals that are related to the probability of adding a particle
to a orbital β or removing it from a orbital α in a system with A particles. In the
following we will use the common notation,
Zi=n,kα ≡
{
(Xnα )∗
Ykα ,
(7)
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with the index i valid for both forward-in-time (particle attachment) and backward-
in-time (nucleon removal) processes. Note that we use n to denote particle states and
k for hole states. The denominators in Eq. (4) contain also the one-nucleon addition
and removal energies
ε+n ≡ (EA+1n − EA0 ) (8)
and
ε−k ≡ (EA0 − EA−1k ) , (9)
from which one can derive the eigenvalues corresponding to the correlated wave func-
tions |ΨA±1n 〉, once the ground state energy EA0 of |ΨA0 〉 is known. In the following,
we will use the compact notations of Eqs. (5-9) to present our equations.
The s.p. Green’s function (4) is completely determined by solving the Dyson
equation,
gαβ(ω) = g
(0)
αβ (ω) +
∑
γδ
g(0)αγ (ω)Σ
⋆
γδ(ω)gδβ(ω) , (10)
which is a non-linear equation for the correlated propagator, g(ω). The unperturbed
propagator g(0)(ω) is the propagator corresponding to the Hamiltonian h(0), which
defines the reference state. The irreducible self-energy Σ⋆(ω) encodes the effects of
the nuclear medium on the propagation and it is equivalent to the optical potential
for the states in the continuum [8,15].
The irreducible self-energy can be separated in a term which is time-independent,
Σ∞, and a energy dependent part Σ˜(ω) containing contributions from the dynamical
excitations given by the intermediate state configurations (ISCs) within the system:
Σ⋆αβ(ω) = Σ
∞
αβ + Σ˜αβ(ω) . (11)
By inspection of the Dyson equation (10), it should be clear that the self-energy
contains all the effects on the propagation of the s.p. that go beyond the mean-field
description: For this reason the self-energy can be regarded as an effective potential
enriching the unperturbed propagator with many-body correlations and turning it into
the “dressed” propagator. If the exact Σ⋆(ω) is know, Eq. (10) yields the equivalent
of the exact solution of the Schro¨dinger equation.
3 ADC formalism as matrix eigenvalue problem
In the following we apply the algebraic diagrammatic construction to the dynamic
(i.e., energy dependent) part of the irreducible self-energy of Eq. (11). For this pur-
pose, we write Σ˜(ω) in the most general form of its spectral representation,
Σ˜αβ(ω) =
∑
jj′
M
†
αj
[
1
~ω1− (E1+C) + iη1
]
jj′
Mj′β
+
∑
kk′
Nαk
[
1
~ω1− (E1+D)− iη1
]
kk′
N
†
k′β .
(12)
At this stage, the expression in Eq. (12) is a formal decomposition defining two types
of matrices with respect to the ISCs j, j′ (k, k′): the coupling matrix Mjα (Nαk),
and the interaction matrix Cjj′ (Dkk′ ) for the forward-in-time (backward-in-time)
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part of the self-energy. The coupling matrices couple the initial and final s.p. states
of the propagator to the ISCs, while the interaction matrices C and D contain the
matrix elements of the residual interactions (up to 3NFs) among the ISCs themselves.
In general, ISCs are multiparticle-multihole excitations resulting from the same-time
propagation of fermion lines within Feynman diagrams. For nucleon addition, with
M + 1 particles and M holes, (M + 1)pMh, their unperturbed energies will be:
Ej = ε
+
n1
+ ε+n2 + · · · + ε+nM + ε+nM+1 − ε−k1 − ε−k2 − · · · − ε−kM . (13)
and similarly for nucleon removal. In the following we will make use of the shorthand
notation for the forward-in-time terms (corresponding to particle attachment)
r, r′ ≡ (n1, n2, k3)
q, q′ ≡ (n1, n2, n3, k4, k5)
}
j j′ (14)
and
s, s′ ≡ (k1, k2, n3)
u, u′ ≡ (k1, k2, k3, n4, n5)
}
k k′ , (15)
for the backward-in-time terms (i.e., for particle removal). For instance, j ≡ (n1, n2, k3)
in the coupling matrix M(n1,n2,k3)α connects a s.p. state α to an intermediate state
composed by a 2p1h configuration. Each ISC gives a different term in Eq. (12), with
the configurations 3p2h, 4p3h and so on pertaining to more complicated, but also
energetically less important, intermediate states.
While the energy-dependence in the self-energy is a direct consequence of the
underlying dynamics in the many-body system, it gives rise to a major computational
bottleneck. In order to find all the poles of the propagator in Eq. (10), one should
scan the energy plane with an extremely fine mesh, therefore the direct search of
the s.p. energies in this way would be costly, with the possibility to leave some
solutions undetected. For this reason it is convenient to rearrange the Dyson equation
in a matrix form independent of the energy. This is achieved by introducing the
eigenvector
Z
i† ≡ (Ziδ† W ir† W is† W iq† W iu† · · ·) , (16)
with the first component given by the transition amplitudes of Eq. (7). The other
components contain the information on the ISCs propagated through Σ˜(ω) but eval-
uated at the specific quasiparticle energy ε±i of each solution,
W ij ≡ Wj(ω)|~ω=εi =
∑
j′
[
1
~ω1− (E1+C)
]
jj′
Mj′δZiδ
∣∣∣∣∣
~ω=εi
, (17)
and
W ik ≡ Wk(ω)|~ω=εi =
∑
k′
[
1
~ω1− (E1+D)
]
kk′
N
†
k′δZiδ
∣∣∣∣∣
~ω=εi
. (18)
The task now is to diagonalize the following matrix, being equivalent to the original
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eigenvalue problem [16]:
ǫiZ
i=

ε(0)+Σ∞αδ M
†
αr Nαs M
†
αq Nαu · · ·
Mr′α Erδrr′+Crr′ Cr′q · · ·
N
†
s′α Esδss′+Dss′ Ds′u · · ·
Mq′α Cq′r Eqδqq′+Cq′q · · ·
N
†
u′α Du′s Euδuu′+Du′u · · ·
...
...
...
. . .

Z
i ,
(19)
with the normalization condition∑
αβ
(Ziα)†Ziβ + (W ij)†W ij + (W ik)†W ik + · · · = 1 . (20)
With the procedure outlined above and the introduction of the eigenvector Zi of
Eq. (16), each energy eigenvalue is now related to an eigenvector of larger dimension.
Once Eq. (19) is diagonalized, its eigenvalues and the first portions of their eigenvec-
tors, Zi, yield the one-body propagator according to Eq. (4). The severe growth in
the dimension of the Dyson matrix can be handled by projecting the set of the ener-
gies configurations to a smaller Krylov subspace, and then a multi-pivot Lanczos-type
algorithm can be applied, as illustrated in Ref. [17].
The ADC is a systematic approach to find expressions for the coupling and in-
teraction matrices appearing in Eq. (19) that include the correlations due to 2NFs,
3NFs, and so on. This is achieved by expanding Eq. (12) in powers of the residual
interaction Uˆ , the 2NF Vˆ and 3NF Wˆ and then by comparing the result with the
Goldstone-Feynman perturbative expressions for the self-energy. Formally, we have:
Mjα = M
(I)
jα +M
(II)
jα +M
(III)
jα + . . . , (21)
where the termM
(n)
jα is of n
th order in the residual interaction. And for the backward-
in-time coupling matrices:
Nαk = N
(I)
αk +N
(II)
αk +N
(III)
αk + . . . . (22)
The matrices C and D can only be at first order in the residual interaction, but they
appear at the denominators in the spectral representation (12). Thus, they give rise
to a geometrical series according to the identity
1
A−B =
1
A
+
1
A
B
1
A−B =
1
A
+
1
A
B
1
A
+
1
A
B
1
A
B
1
A
+ · · · , (23)
for A = ~ω − E and B = C,D.
Using the expressions (21-23) in Eq. (12) gives rise to the following expansion for
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the energy-dependent irreducible self-energy,
Σ˜αβ(ω) =
∑
j
M
(I)†
αj
[
1
~ω − Ej + iη
]
M
(I)
jβ
+
∑
j
M
(II)†
αj
[
1
~ω − Ej + iη
]
M
(I)
jβ +
∑
j
M
(I)†
αj
[
1
~ω − Ej + iη
]
M
(II)
jβ
+
∑
jj′
M
(I)†
αj
[
1
~ω − Ej + iη
]
Cjj′
[
1
~ω − Ej′ + iη
]
M
(I)
j′β + · · ·
+
∑
k
N
(I)
αk
[
1
~ω − Ek − iη
]
N
(I)†
kβ
+
∑
k
N
(II)
αk
[
1
~ω − Ek − iη
]
N
(I)†
kβ +
∑
k
N
(I)
αk
[
1
~ω − Ek − iη
]
N
(II)†
kβ
+
∑
kk′
N
(I)
αk
[
1
~ω − Ek − iη
]
Dkk′
[
1
~ω − Ek′ − iη
]
N
(I)†
k′β + · · · , (24)
where we show all contributions up to second and third order. The procedure is to
compare term by term the formal expansion (24) with the calculated Goldstone-type
diagrams. One then extracts the minimal expressions for the matrices M, N, C and
D, given in terms of the transitions amplitudes of Eqs. (5-6) and the quasiparticle
energies of Eqs. (8-9), that ensure consistency with the standard perturbative expan-
sion up to order n. The content of the ADC(n) expansion is far from trivial when
one moves from the second to the third order: In fact the structure of the third-order
terms in Eq. (24), as analytic functions in the energy plane, does not match the gen-
eral spectral representation of Eq. (12), which is required for the correct self-energy.
However, onceM, N, C and D are found one can insert them in the correct analytical
representation of Eqs. (12) and (19). As a result, the ADC(n) approach will include
selected contributions at order higher than n, as well as all-order non-perturbative
resummations as shown by Eq. (23).
4 ADC equations up to third order
In this section we collect the building blocks of the ADC at second order and present
a selected set of coupling and interaction matrices that play a dominant role at third
order, in a sense to be specified in the following discussion.
All the diagrams discussed in this work are one-particle irreducible, skeleton and
interaction-irreducible diagrams. When limiting oneself to only interaction-irreducible
diagrams, one needs to substitute the original one- and two-nucleon residual interac-
tions, −Uˆ an Vˆ , with corresponding effective interactions, which we label respectively
U˜ and V˜ and represent diagrammatically as wavy lines. The latter contain averaged
contributions from 3NFs that account for the discarded interaction-reducible dia-
grams. Hence, one reduces the number of perturbative terms (i.e., diagrams) that
need to be dealt with. A detailed exposition of these aspects and the extension of
Feynman rules to the case of many-nucleon interactions is beyond the scope of the
present work. The interested reader is referred to the thorough discussion in Ref. [12].
For the present discussion, we only need to keep in mind that the 2NFs in Figs. 1a
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(a) (b)
Figure 1: One-particle irreducible, skeleton and interaction-irreducible self-energy
diagrams appearing at second order in the perturbative expansion of the self-energy.
The wiggly lines represent the effective 2NF V˜ containing averaged 3NF components,
while the long-dashed lines represent the interaction-irreducible 3NF, Wˆ .
are effective interactions which contain the most ’trivial’ contributions of Wˆ , in the
sense that they do not require any extension of the formalism and computer codes
previously developed for pure two-body interactions.
4.1 ADC(2) building blocks
At second order and with 3NFs, the dynamic self-energy is composed by the two
diagrams depicted in Fig. 1. The main topological difference between them is given
by the fact that Fig. 1a propagates 2p1h and 2h1p as intermediate states, whereas
the diagram of Fig. 1b contains irreducible 3NFs that generate 3p2h and 3h2p ISCs.
Since the latter are energetically less favourable, they are expected to play a minor
role at the Fermi surface and to contribute weakly to the total ground state energy.
Following the same argument, we can expect that the third-order diagrams containing
2p1h and 2h1p ISCs, discussed in Sec. 4.2 (see Fig. 3), are more important than the
ones with 3p2h and 3h2p configurations, at the same order.
To define the ADC(2) approximation scheme, we present the explicit expressions
of the coupling and interaction matrices contained in the diagrams of Fig. 1. Unless
otherwise stated, in this section and in the rest of the paper we adopt the Einstein’s
convention of summing over repeated indexes for both the model-space s.p. states (α,
β, . . . ) and the particle and hole orbits (n1, n2, . . . , k1, k2, . . . ). We also use collective
indexes for ISCs according to the notation set in Eqs. (14-15), where appropriate.
We show first the expressions for the energy-dependent self-energy of Fig. 1a,
Σ˜
(1a)
αβ (ω) =
1
2
V˜αǫ,γρ
 ∑
n1,n2,k3
(Xn1γ Xn2ρ Yk3ǫ )∗Xn1µ Xn2ν Yk3λ
~ω − (ε+n1 + ε+n2 − ε−k3)+ iη
+
∑
k1,k2,n3
Yk1γ Yk2ρ Xn3ǫ (Yk1µ Yk2ν Xn3λ )∗
~ω − (ε−k1 + ε−k2 − ε+n3)− iη
 V˜µν,βλ , (25)
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(a) (b)
(c) (d)
Figure 2: Diagrams of the ADC(2) coupling matrices containing effective 2N interac-
tion V˜ (left column) and interaction-irreducible 3NF Wˆ (right column). The coupling
matrices (a) and (c) connect with 2p1h and 2h1p ISCs respectively (see Eqs. (27,28)),
while the coupling matrices (b) and (d) connect with 3p2h and 3h2p ISCs respec-
tively (see Eqs. (29,30)). The diagrams 2a and 2b contribute to M(I), while 2c
and 2d contribute to N(I).
and in Fig. 1b,
Σ˜
(1b)
αβ (ω) =
1
12
Wαγδ,ξτσ
 ∑
n1,n2,n3
k4,k5
(Xn1ξ Xn2τ Xn3σ Yk4δ Yk5γ )∗Xn1µ Xn2ν Xn3λ Yk4ρ Yk5η
~ω − (ε+n1 + ε+n2 + ε+n3 − ε−k4 − ε−k5)+ iη
+
∑
k1,k2,k3
n4,n5
Yk1ξ Yk2τ Yk3σ Xn4δ Xn5γ (Yk1µ Yk2ν Yk3λ Xn4ρ Xn5η )∗
~ω − (ε−k1 + ε−k2 + ε−k3 − ε+n4 − ε+n5)− iη
Wµνλ,βηρ . (26)
These expressions at second order in the Feynman-Goldstone perturbative expansion,
already match the second-order terms in the analogous expansion of the self-energy
(first and fourth lines in Eq. (24)). Since they are already in the correct form of
the spectral representation, Eq. (12), it is easy to read the coupling matrices at the
ADC(2) level directly from them. In the first line of Eq. (25) we find the coupling
matrix
M
(I-2N)
(n1n2k3)α
≡ 1√
2
Xn1µ Xn2ν Yk3λ V˜µν,αλ , (27)
while in the backward-in-time part (second line of Eq. (25)) we have
N
(I-2N)
α(k1k2n3)
≡ 1√
2
V˜αλ,µν Yk1µ Yk2ν Xn3λ , (28)
that couples s.p. states to the 2h1p propagator through an effective 2NF. Both these
coupling matrices can be depicted as fragments of Goldstone diagrams, as shown in
Figs. 2a and 2c.
The matrix coupling to 3p2h ISCs is found from Eq. (26) and comes from the
diagram of Fig. 1b,
M
(I-3N)
(n1n2n3k4k5)α
≡ 1√
12
Xn1µ Xn2ν Xn3λ Yk4ρ Yk5η Wµνλ,αηρ , (29)
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while the coupling matrix to 3h2p ISCs has the following expression,
N
(I-3N)
α(k1k2k3n4n5)
≡ 1√
12
Wαηρ,µνλ Yk1µ Yk2ν Yk3λ Xn4ρ Xn5η . (30)
Their representation as fragments of Goldstone diagrams is given in Figs. 2b and 2d,
respectively.
All four expressions of Eqs. (27-30) are building blocks of the ADC(2). These
complete the set of coupling matrices needed to reproduce the second order terms
(first and fourth row) in Eq. (24) and no interaction matrix is needed at this order.
Hence, the ADC(2) working equations are finally summarized by Eq. (13) and the
following expressions:
M
(I)
jα =
{
M
(I-2N)
rα for j = r = (n1n2k3) ,
M
(I-3N)
qα for j = q = (n1n2n3k4k5) ,
(31)
N
(I)
αk =
{
N
(I-2N)
αs for k = s = (k1k2n3) ,
N
(I-3N)
αu for k = u = (k1k2k3n4n5) ,
(32)
Cjj′ = 0 , (33)
Dkk′ = 0 . (34)
In ADC(2), the coupling matrices are linked directly without any intermediate inter-
action insertion, therefore the interaction matrices C and D in Eqs. (33-34) are set to
zero. As we show below, this is not anymore true for ADC(3), where the interaction
matrices C and D no longer vanish and give rise to infinite (and non-perturbative)
resummations of diagrams.
4.2 ADC(3) building blocks with 2p1h and 2h1p ISCs
The perturbative expansion of the self-energy generates 17 interaction-irreducible
Feynman diagrams at third order [12]. Of these, only the three shown in Fig. 3
propagate at most 2p1h and 2h1p ISCs, whereas the remaining diagrams (not shown
here) entail at least some contribution from 3p2h or 3h2p configurations. Moreover,
Figs. 3a and 3b are the sole diagrams that do not involve any interaction-irreducible
3N term. Given that for most systems three-body forces are weaker than the corre-
sponding two-body ones 1, we expect that the contributions of Fig. 3a and 3b are the
most important and that diagram 3c is next in order of relevance, while the remaining
14 diagrams will not be dominant. In this section, we present the explicit expressions
of the coupling and interaction matrices entering in the ADC(3) formalism, at third
order, as derived from the three aforementioned diagrams.
As for the second order, a set of expressions for the matrices M, N, C, D and
E at ADC(3) is obtained from the direct comparison between the equations of the
Feynman diagrams of Fig. 3, with the general form of the self-energy in Eq. (24). The
different terms can be organised according to the kind of interactions appearing in
their contribution. For instance, the diagrams 3a and 3b give contributions to the
coupling matrices M(II) and N(II) that involve two effective 2N interactions and will
be labelled with a “2N 2N” superscript.
1For nuclear physics, one may estimate that < Wˆ >≈ 1
10
< Vˆ > [18, 19].
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(a) (b) (c)
Figure 3: Three one-particle irreducible, skeleton and interaction-irreducible self-
energy diagrams appearing at third order in the perturbative expansion of Σ˜(ω).
Only the third-order diagrams with at most 2p1h and 2h1p intermediate states are
shown.
Figures 3a and 3b generate all order summations of ladder and ring diagrams,
respectively. These contain only effective 2NFs and their ADC(3) equations are well
known [14,16]. Hence, we simply states the results here. The forward-in-time coupling
matrix arising from Fig. 3a is given by
M
(2N 2N a)
(n1n2k3)α
≡ 1
2
√
2
Xn1ρ Xn2σ V˜ρσ,γδ Yk4γ Yk5δ
ε−k4 + ε
−
k5
− ε+n1 − ε+n2
(Yk4µ Yk5ν )∗Yk3λ V˜µν,αλ . (35)
The ring diagram of Fig. 3b gives rise to the forward-in-time coupling matrix,
M
(2N 2N b)
(n1n2k3)α
≡ 1√
2
(
Xn2σ Yk3δ V˜σρ,δγ Yk5γ Xn4ρ
ε−k3 − ε+n2 + ε−k5 − ε+n4
Xn1µ (Yk5ν Xn4λ )∗ V˜µν,αλ
−X
n1
σ Yk3δ V˜σρ,δγ Yk5γ Xn4ρ
ε−k3 − ε+n1 + ε−k5 − ε+n4
Xn2µ (Yk5ν Xn4λ )∗ V˜µν,αλ
)
, (36)
which is explicitly antisymmetrized with respect to the n1 and n2 fermion lines. The
diagrammatic representations of the two coupling matrices of Eqs. (35) and (36) are
depicted in Figs. 4a and 4b, respectively.
For the same self-energy diagrams of Figs. 3a and 3b but from the backward-in-
time Goldstone diagrams, we find the coupling matrices
N
(2N 2N a)
α(k1k2n3)
≡ 1
2
√
2
V˜αλ,µν Xn3λ (Xn4µ Xn5ν )∗
Xn4ρ Xn5σ V˜ρσ,γδ Yk1γ Yk2δ
ε−k1 + ε
−
k2
− ε+n4 − ε+n5
(37)
and
N
(2N 2N b)
α(k1k2n3)
≡ 1√
2
(
V˜αλ,µν (Yk5λ )∗Yk1µ (Xn4ν )∗
Xn4σ Yk5δ V˜σρ,δγ Yk2γ Xn3ρ
ε−k2 − ε+n3 + ε−k5 − ε+n4
−V˜αλ,µν (Yk5λ )∗Yk2µ (Xn4ν )∗
Xn4σ Yk5δ V˜σρ,δγ Yk1γ Xn3ρ
ε−k1 − ε+n3 + ε−k5 − ε+n4
)
. (38)
Their diagrammatic representation is displayed in Figs. 4c and 4d respectively, where
it is clear that they are linked to the 2h1p propagators.
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(a) (b)
(c) (d)
Figure 4: Diagrams of the ADC(3) coupling matrices with two effective 2NFs V˜ that
link to 2p1h ISCs (first row) and 2h1p ISCs (second row). The coupling matrices
(a) and (b) correspond to Eqs. (35,36), while the coupling matrices (c) and (d) to
Eqs. (37,38).
The interaction matrices are found by comparing the third order Goldstone di-
agrams with double poles to the third and sixth lines of Eq. (24). The interaction
matrix connecting 2p1h propagators through a particle-particle (pp), ladder, interac-
tion is
C
pp
(n1n2k3),(n4n5k6)
≡ 1
2
Xn1µ Xn2ν V˜µν,λρ (Xn4λ Xn5ρ )∗ δk3k6 , (39)
while the one connecting through particle-hole (ph) rings is composed by four terms
that arise from the antisymmetrization with respect to the n1 and n2 particles to the
left and the n4 and n5 ones to the right,
C
ph
(n1n2k3),(n4n5k6)
=
1
2
(
Xn2ν Yk3ρ V˜µν,λρ (Xn5λ Yk6µ )∗ δn1n4
−Xn2ν Yk3ρ V˜µν,λρ (Xn4λ Yk6µ )∗ δn1n5
−Xn1ν Yk3ρ V˜µν,λρ (Xn5λ Yk6µ )∗ δn2n4
+Xn1ν Yk3ρ V˜µν,λρ (Xn4λ Yk6µ )∗ δn2n5
)
. (40)
In the backward-in-time self-energy Goldstone diagrams, the interaction matrices
connecting 2h1p propagators through a hole-hole (hh) interaction lead to
D
hh
(k1k2n3),(k4k5n6) ≡ −
1
2
(Yk1µ Yk2ν )∗ V˜µν,λρ Yk4λ Yk5ρ δn3n6 , (41)
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while the one connecting through a hole-particle (hp) interaction gives
D
hp
(k1k2n3),(k4k5n6)
=
1
2
(
(Yk2µ Xn3ρ )∗ V˜µν,λρ Yk5λ Xn6ν δk1k4
− (Yk2µ Xn3ρ )∗ V˜µν,λρ Yk4λ Xn6ν δk1k5
− (Yk1µ Xn3ρ )∗ V˜µν,λρ Yk5λ Xn6ν δk2k4
+(Yk1µ Xn3ρ )∗ V˜µν,λρ Yk4λ Xn6ν δk2k5
)
. (42)
We now turn to the Feynman diagram of Fig. 3c, which is the focus of the present
work. To our knowledge the ADC formulas arising from this term have not been
presented before. The Feynman rules give the following expression for it:
Σ
(3c)
αβ (ω) = −
(~)4
4
∫
dω1
2πi
∫
dω2
2πi
∫
dω3
2πi
∫
dω4
2πi
∑
γδνµǫλ
ξηθστχ
V˜αγ,δν gξγ(ω3) gνλ(ω − ω1 + ω3)
gδǫ(ω1) Wµǫλ,ξηθ gθτ (ω − ω2 + ω4) gησ(ω2) gχµ(ω4) V˜στ,βχ . (43)
By performing the four integrals in the complex plane, we find six terms, correspond-
ing to the different time orderings of the three interactions. Altogether we obtain,
Σ
(3c)
αβ (ω) =
1
4
∑
γδνµǫλ
ξηθστχ
V˜αγ,δνWǫλµ,ηθξV˜στ,βχ×
− ∑
n1n2k3
n4n5k6
(Xn1δ Xn2ν Yk3γ )∗Xn1ǫ Xn2λ Yk3ξ (Xn4η Xn5θ Yk6µ )∗Xn4σ Xn5τ Yk6χ(
~ω − (ε+n1 + ε+n2 − ε−k3) + iη
) (
~ω − (ε+n4 + ε+n5 − ε−k6) + iη
)
+
∑
k1k2n3
n4n5k6
Yk1δ Yk2ν Xn3γ (Yk1ǫ Yk2λ Yk6µ Xn4η Xn5θ Xn3ξ )∗Xn4σ Xn5τ Yk6χ(
ε−k1 + ε
−
k2
+ ε−k6 − ε+n3 − ε+n4 − ε+n5
) (
~ω − (ε+n4 + ε+n5 − ε+k6)+ iη)
+
∑
k1k2n3
n4n5k6
(Xn4δ Xn5ν Yk6γ )∗Xn4ǫ Xn5λ Xn3µ Yk1η Yk2θ Yk6ξ (Yk1σ Yk2τ Xn3χ )∗(
~ω − (ε+n4 + ε+n5 − ε−k6)+ iη) (ε−k1 + ε−k2 + ε−k6 − ε+n3 − ε+n4 − ε+n5)
−
∑
k1k2n3
k4k5n6
Yk1δ Yk2ν Xn3γ (Yk1ǫ Yk2λ Xn3ξ )∗Yk4η Yk5θ Xn6µ (Yk4σ Yk5τ Xn6χ )∗(
~ω − (ε−k1 + ε−k2 − ε+n3)− iη
) (
~ω − (ε−k4 + ε−k5 − ε+n6)− iη
)
−
∑
k1k2n3
n4n5k6
Yk1δ Yk2ν Xn3γ (Yk1ǫ Yk2λ Yk6µ Xn4η Xn5θ Xn3ξ )∗Xn4σ Xn5τ Yk6χ(
~ω − (ε−k1 + ε−k2 − ε+n3)− iη) (ε−k1 + ε−k2 + ε−k6 − ε+n3 − ε+n4 − ε+n5)
−
∑
k1k2n3
n4n5k6
(Xn4δ Xn5ν Yk6γ )∗Xn4ǫ Xn5λ Xn3µ Yk1η Yk2θ Yk6ξ (Yk1σ Yk2τ Xn3χ )∗(
ε−k1 + ε
−
k2
+ ε−k6 − ε+n3 − ε+n4 − ε+n5
) (
~ω − (ε−k1 + ε−k2 − ε−n3)− iη)
 ,
(44)
where the first (last) three terms correspond to forward-in-time (backward-in-time)
Goldstone diagrams.
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(a) (b)
Figure 5: Diagrams of the ADC(3) coupling matrices with one effective 2NF V˜ and
one interaction-irreducible 3NF Wˆ . The coupling matrix (a) is linked to 2p1h ISCs
and corresponds to Eq. (45), while (b) is linked to 2h1p ISCs and corresponds to
Eq. (46).
By comparing to the third order terms in Eq. (24), one see that the new con-
tributions to the coupling matrices contain one effective 2NF and one interaction-
irreducible 3NF. The following forward-in-time matrix can be singled out from either
the second or third line of Eq. (44),
M
(2N 3N a)
(n1n2k3)α
≡ 1
2
√
2
Xn4ξ Xn1ρ Xn2σ Wξρσ,ζηθ Yk3ζ Yk5η Yk6θ
ε−k3 + ε
−
k5
+ ε−k6 − ε+n1 − ε+n2 − ε+n4
(Yk5µ Yk6ν Xn4λ )∗ V˜µν,αλ , (45)
while in the last two lines of Eq. (44) we read the backward-in-time coupling matrix:
N
(2N 3N a)
α(k1k2n3)
≡ − 1
2
√
2
V˜αλ,µν (Yk4λ Xn5µ Xn6ν )∗
Xn3ρ Xn5σ Xn6ξ Wρσξ,θζη Yk4θ Yk1ζ Yk2η
ε−k1 + ε
−
k2
+ ε−k4 − ε+n3 − ε+n5 − ε+n6
. (46)
The diagrammatic representations of Eqs. (45) and (46) are displayed in Fig. 5.
The only interaction matrix that connects 2p1h ISCs through a 3NF is found from
the first term of Eq. (44),
C
3N
(n1n2k3),(n4n5k6) ≡ −
1
2
Xn1ν Xn2µ Yk3ρ Wνµλ,ǫηρ (Xn4ǫ Xn5η Yk6λ )∗ , (47)
which is explicitly antisymmetric in the particle indexes. With Eqs. (47) and (27) we
can rewrite the first term of Eq. (44) as,
M
†(I-2N)
αr
1
~ω − Er C
3N
rr′
1
~ω − Er′ M
(I-2N)
r′β . (48)
The expression (48) contains only the first order contribution in the interaction matrix
expansion, corresponding to the second term in the r.h.s. of Eq. (23), for B = C3N .
This is resummed to all order by diagonalizing the Dyson matrix (19), which will
automatically include all the higher order terms in the expansion.
From the fourth term of Eq. (44), we single out the only backward-in-time in-
teraction matrix connecting two 2h1p configurations through a 3N interaction, that
is
D
3N
(k1k2n3),(k4k5n6) ≡ −
1
2
(Yk1ν Yk2µ Xn3ρ )∗Wνµλ,ǫηρ Yk4ǫ Yk5η Xn6λ , (49)
which is also explicitly antisymmetric in the hole indexes. With Eqs. (49) and (28)
we associate the fourth term of Eq. (44) to
N
(I-2N)
αs
1
~ω − Es D
3N
ss′
1
~ω − Es′ N
†(I-2N)
s′β . (50)
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We stress again the fact that Eq. (50), being a first-order term in D3N , is resummed
with all the other higher order contributions when solving the Dyson equation.
Finally, the ADC(3) working equations for the set of Feynman diagrams in Fig. 3
is summarized by the following expressions,
M
(II)
jα = M
(2N 2N a)
(n1n2k3)α
+ M
(2N 2N b)
(n1n2k3)α
+ M
(2N 3N a)
(n1n2k3)α
, (51)
N
(II)
αk = N
(2N 2N a)
α(k1k2n3)
+ N
(2N 2N b)
α(k1k2n3)
+ N
(2N 3N a)
α(k1k2n3)
, (52)
Cjj′ = C
pp
(n1n2k3),(n4n5k6)
+Cph(n1n2k3),(n4n5k6) +C
3N
(n1n2k3),(n4n5k6) , (53)
Dkk′ = D
hh
(k1k2n3),(k4k5n6) +D
hp
(k1k2n3),(k4k5n6)
+D3N(k1k2n3),(k4k5n6) . (54)
At third order, beside the equations summarized above, there are the coupling and
interaction matrices imposed by the remaining 14 one-particle irreducible, skeleton
and interaction-irreducible self-energy diagrams, which are topologically distinct from
Fig. 3 [12]. The expressions of the coupling and interaction matrices derived from all
these diagrams contribute to the 3p2h and 3h2p sectors of Eq. (19) [20].
5 Summary and outlook
We have shown the working equations for the ADC(3) formalism applied to the ir-
reducible self-energy in the SCGF formalism, with 2NFs and 3NFs. This formalism
allows an efficient and accurate numerical implementation for the solution of the
Dyson equation, which is recast as an energy eigenvalue problem. Moreover, within a
given order, the matrix form of the Dyson equation allows the infinite resummation
of certain classes of diagrams, specifically ladder and ring diagrams, preserving the
non-perturbative nature of the SCGF approach.
The minimal expressions for both the coupling and interaction matrices, required
to conform to the structure of the self-energy as analytic function in the energy plane,
have been revisited completely at the ADC(2) level. We have displayed the most
important terms at third order, and we derived for the first time the coupling and
interaction matrices of the Feynman diagram in Fig. 3c, containing one interaction-
irreducible 3NF. This term is relevant because it is the only irreducible 3NF insertion
that links to the dominant ISCs in the self-energy, that is 2p1h and 2h1p intermediate
excitations. The complete ADC(3) working equations for the Dyson SCGF approach
will be presented in a forthcoming publication [20], while the extension of the Gorkov
SCGF formalism of Ref. [7] to ADC(3) is part of future plans.
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